EO0 370 Statistical Learning Theory Lecture 8 (Sep 8, 2011)
Algorithmic Stability

Lecturer: Shivani Agarwal Scribe: Harish Guruprasad

1 Introduction

In the last few lectures we have seen a number of different generalization error bounds for learning algorithms,
using notions such as the growth function and VC dimension; covering numbers, pseudo-dimension, and fat-
shattering dimension; margins; and Rademacher averages. While these bounds are different in nature and
apply in different contexts, a unifying factor that they all share is that that they hold uniformly for all
functions in some fixed function class, not just for the function selected by the learning algorithm. In other
words, the bounds hold for any algorithm that picks a function from the given class, no matter how the
algorithm picks this function.

In this lecture we will see an alternative approach for obtaining generalization error bounds that takes into
account the process by which a learning algorithm selects a function — in particular, we will see how to obtain
bounds that apply to algorithms with good stability properties.

2 Stability

In general, an algorithm is stable if a small change in its input does not produce a drastic change in its
output. A learning algorithm can be viewed as taking as input a training sample S € [J°_, (X x V)™ and

returning as output a function fg: X —Y. One can define various notions of stability for such an algorithm;
we will consider two such notions below that are defined with respect to changes in the input consisting of
replacing a single example in the training sample with a new example.

Notation. For a training sample S = ((x1,91),- -, (Zm,Ym)) € (X x Y)™ and an example (x, y}), we will
denote by S“@v) = ((z1,41),..., (x5 y), ..., (Zm,ym)) the training sample obtained by replacing the ith
example in S with (z},y}); we will sometimes abbreviate this as S* when the replacement example is clear
from context.

Definition. Let ), y C R, and let A be a symmetric! algorithm that given a training sample S € (X x J)™
as input, returns as output a function fg : X—)Y. We say A has (uniform, replacement) score stability

v :N—=[0,00) if Vm € N,i € [m], S € (X x V)™, (z},y]) € (X x V), z € &>
[fs(x) = fsi(x)] < w(m). (1)

Let £:) x Y— [0,00) be a loss function. We say A has (uniform, replacement) loss stability § : N—[0, 00)
with respect to £ if Vm € N,i € [m], S € (X x V)™, (2}, y}) € X x YV, (z,y) € X x Y,

Uy, fs(x)) =y, fs:(x)| < B(m). (2)

LA symmetric learning algorithm A : [JSO_; (X x ¥)™—.F is one that does not depend on the order of the training examples,
ie. for all m € N, S € (X x Y)™, and permutations o € Sy, satisfies A(S) = A(Ss), where S, is the sample obtained by
permuting the examples in S according to o.

2The term uniform here refers to the fact that the bound is required to hold for all training samples S and replacement
examples (z},}); the term replacement refers to the fact that the small changes considered to the input involve replacement
of an example in the training sample with another. Other notions of stability that relax/extend these requirements are also
possible; we will mention some of these briefly later.
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3 Generalization Error Bounds in Terms of Stability

Theorem 3.1. Let Y, )A) C R, and A a symmetric learning algorithm that given a training sample S €
(X x Y)™, outputs a function fg : X—Oi Let £:) x y—>[0 B], and let A have loss stability 8 w.r.t. £. Let
D be any dlstrlbutlon on X x Y and let 0 < § < 1. Then with probability at least 1 — § (over S ~ D™),

In(%
exbfs] < ext{fs]+B(m) + (2mB(m) + B) |/ oz
Proof. Define ¢ : (X x Y)™—R as
$(S) = erpfs] —ers[fs].
Then VS, k, (2., yi.):
8(8) ~ o(55)| < Jerplfs) — erplsel] + ler§lfs] — er ] Q

= ’E(Qf,y)ND [f(% fS(x)) - E(% fS’” ’ +

o 3 (o i) = b ) + o (o Fsto) G Fon (i) |
ik

m—1 B
< Bm) + ———=pB(m) + — (5)
B
< 2 —. 6
< 20(m)+ (6)
Therefore by McDiarmid’s inequality (see Lecture 7 notes, Theorem 2.1), we have
—2¢2/(m m)+E£ 2
P (6(5) ~ Bspn[9(8)] = ) < ¢ 2/ (mE0meR)) (7)
Rewriting the above, we have with probability at least 1 — ¢ (over S ~ D™),
‘ ¢ ‘ ¢ l”(%)
erp[fs] —erslfs] < Eswpm [erD[fS] - ers[fs]} +(2mp(m) + B) || (8)
All that’s left is to bound the expectation above:
1 m
Es.pm [erh[fs] —er§[fs]] = Eswpm [E(x,y)ND[ (y, fs(x - Z:lﬁ Yi, [s(x ] 9)
1 m
= E(&(w,y))wD"’xD[ (y, fs(x Ezﬁ Y, fsis ))} (10)
=1
= E(s o (1, fs(@) =y, fsren(@)] by symmetry) (11)
< B(m). (12)
Combining with the above gives the desired result. O

A few observations:

1. Unlike the uniform bounds we have seen previously, the above bound holds specifically for the function
fs learned by the algorithm.

2. Need G(m) 1 ) for the above bound to be useful.

=0 (Tm

3. For binary classification problems, cannot have non-trivial stability w.r.t. £y.1 directly (why?), but if
an algorithm has good stability w.r.t. some loss ¢ with ¢ > £y.1, then one can use the above result to
obtain a high confidence bound on er’;[fs], which in turn yields a bound on er%;!|[fs].

4. If an algorithm A has score stability v, then for any loss £ that is L-Lipschitz in its second argument,
A has loss stability = Lv w.r.t. £.
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4 Regularization Algorithms in an RKHS

We first briefly review some background material on reproducing kernel Hilbert spaces (RKHSs), and then
discuss stability properties of kernel-based algorithms such as SVMs that learn a function using regularization
in an RKHS.

4.1 Reproducing Kernel Hilbert Spaces

Let K : X x X—R be a symmetric, positive definite kernel function.>* For each z € X, define K, : Y—R
as K, (y) = K(x,y). Let

Fo = {f : X—R ‘ f(x) :Zaini(a:) for some m € Nyz; € X, o5 ER} )
i=1

Define an inner product on Fy as

<Z aiKz” Zﬁ]KyJ> = ZZ OéiﬁjK(l‘i,yj) .
i=1 j=1

i=1 j=1

Let Fx be the completion of Fy w.r.t. the metric defined by the norm induced by the above inner product.’
Then the function class F is called the reproducing kernel Hilbert space (RKHS) associated with the kernel
function K. As the name suggests, any RKHS Fx forms a Hilbert space®; in addition, we have that for any
fe€Fxandx e X,

(f, K,) = <ZaKK> = ZaiKm (z) = f(x).

This property is known as the reproducing property of Fy.”

It is worth noting that the classifier learned by the SVM algorithm using a kernel function K has the form
hs(z) = sign(fs(x) + b) for some fs € Fx (or if trained without the bias parameter b, the classifier is
simply hg(z) = sign(fs(z)) for some fg € Fi); this follows directly from the fact that fg is represented as
fs(x) =3" ayiK (2, x), where S = ((x1,%1), - -, (Tm, Ym)) is the training sample and «; are the optimal
values of the dual variables (see Lecture 2 notes).

We also mention the following well-known result:

Theorem 4.1 (Representer Theorem). Let K : X x X —R be a symmetric, positive definite kernel function,
and let Y CR. Let S = ((z1,¥1)s -+, (Tm,Ym)) € (X x Y)™. For any loss function £ : Y x R—[0, 00), any
solution fg to the optimization problem

Ui A
min 3" 0y, f() + 5 1%
i=1

feEFKk M

(where A > 0) can be expressed as a kernel expansion on the points in S: fs(z) = > /", ;K (z;,x) for some
a; € R.

3Symmetry: K(z,y) = K(y,z) Vz,y € X.

4Positive-definiteness: > 1%, Y i K(2i,25) > 0Vm € N, ol = (21,...,2m) ER", @ € R™, a # 0.

5 A metric space is said to be complete if every Cauchy sequence in the space converges to a limit in the space; any metric
space can be completed by adding the limit points of all Cauchy sequences in the space to it. Here convergence of functions in
Fk is with respect to the metric defined by ||f — gl|x = \/(f -9, f—g).

6 A Hilbert space is simply an inner product space (vector space with an inner product) that is complete with respect to the
metric defined by the associated inner product (see previous footnote).

"In general, a class of real-valued functions F € RY forms an RKHS if F is a Hilbert space and if there exists a function
K : X x X—R such that (1) K satisfies the reproducing property in F: (f(-), K(-,z)) = f(z) Vf € F,x € X, and (2) F is the
completion of the span of {K(-,z) | x € X}.
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4.2 Stability of RKHS Regularization Algorithms

Theorem 4.2. Let Fx be an RKHS with kernel K : X x X—R such that K(z,z) < k% < 0o Vo € X. Let
Y CRand ¢:Y x R—[0,00) be convex and L’-Lipschitz in its second argument. Let A > 0, and let A be a
symmetric algorithm that given a training sample S returns a function fg € Fx such that

A
fs = arg min erg[f]+ ZISIl%
Then A has score stability
(m) 4L k?
v(m) = .
Am

Proof. Let S = ((21,%1),- -+, (@m,Ym)) € (X x Y)™, i € [m], (z},y}) € X x Y. For brevity, let f = fg,
fi = fgi; and let Af = fi — f. Our goal is to show |Af(z)| < % Ve e X.

Recall that any convex function ¢ : U—R satisfies the following for all u,v € U and t € [0, 1]:
O(u+tv—u) = o(u) < t(6(v) — o(u)) .

Since { is convex in its second argument, we have that erg [f] is convex in f. Therefore we have V¢t € [0, 1]:

erg[f +t(f = )] —erglf] < t(er[f] —ers[f]) (13)
erg[f' +t(f — [ —ers[f] < t(exs[f] —erslf]) - (14)

Adding the above gives
erg[f +tAf] +erg[f' —tAf] < erg[f] +ers[f7]. (15)

Now since Fx is a vector space, we have f +tAf € Fg, f —tAf € Fg. Therefore, since f and f? minimize
over all functions in Fg the regularized empirical f-error w.r.t. S and S, respectively, we have

A A
erslf]+ Sk < erl[f +tAf]+ SIF +tASl% (16)
S N X A
il P14 SIF 1 < eralf —tAf]+ SIF —tAf|% - (17)

Adding Egs. (15-17) then yields

A . .
S UL+ 105 = 1 + A% = 1IF = eaf 1) (18)
< (erhi[ff — tAf] — er§[f — tAFf]) + (ers[f] — erl[f) (19)
1

= — (Ui, (f" = tAf)(@))) — Uy, (f' = tAf)(:))) + % (Eyi, (@) = €y, (7)) (20)

m

= (e (7 = EARED) — e FGD) + - (s 1)) — s (FF — A @) (21)

< (#Af(a)| + tAf)l)  (by Lipschits property) (22
L/

= (AT +1AS @) (23)

< 2% agik, (24)

where the last line follows by the reproducing property of Fx, Cauchy-Schwartz inequality, and the fact that
K(x,z) < k% Vo € X. Taking t = 1/2 then gives

A L'k
2aflk < ZRiasix (25)
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which simplifies to

4Lk
A < ) 26
Iafle < 2 (26)
Finally, using the reproducing property and Cauchy-Schwartz again, we get
AL K2
[Af(@)] = KAf, Kzl < [Afllkv(Ea Ka) < ——. (27)
The result follows. O

Stability of SVMs. To see how the above result can be applied to obtain a generalization error bound
for the SVM algorithm, note that SVM satisfies the conditions of the theorem with ¢ = lyinge, with L' = 1.
This gives that the SVM algorithm using a kernel function K with K (x,z) < k? < co Vx has score stability

42
v(m)=—.
(m) =+
By observation 4 in Section 3, it follows that the SVM algorithm with kernel K as above then has loss
2
stability ‘f\im W.I.t. fhinge (taking now L = 1); however since the hinge loss is not bounded, we cannot use this
to obtain a generalization error bound from Theorem 3.1. Instead, consider the ramp loss framp = Lramp(1)

(see Lecture 6 notes), which is also 1-Lipschitz, so that the SVM algorithm as above has loss stability %
W.I.t. framp as well; since £ramp is bounded in [0,1] and also forms an upper bound on £y.1, we can then
apply Theorem 3.1 to obtain that with probability at least 1 — § over S ~ D™, the function fg learned by
the SVM algorithm with kernel K as above satisfies

. 4k2 8k? In(%)
0-1 < ramp e (7 B) ) .
erp [fs] < erg™P[fs] + o T T o
Note that this bound can be applied to the function learned by the SVM algorithm using any kernel function
K for which K(z,) is bounded, including for example the Gaussian kernel K : R? x RY—R given by

K(x,x') = exp(w%f”g), for which K(x,x) < 1 Vx; the Gaussian kernel is known to induce an RKHS
Fx for which the associated binary class sign(Fg) has infinite VC-dimension, and therefore VC-dimension

bounds cannot be applied to the SVM with this kernel.

The same technique as above can be used to show stability (and generalization error bounds) for support
vector regression (SVR), as well as other regularization-based algorithms; see [1] for more details.

5 Deletion Stability, Leave-one-out Error, and Other Extensions

The notions of stability defined above are in terms of changes to the training sample that consist of replacing
one example; one can also define similar notions of stability in terms of changes consisting of deleting one
example from the sample. Deletion stability clearly implies replacement stability, and is therefore a slightly
stronger condition.

So far, we have used various forms of empirical error (average loss on the training sample, using different
loss functions) to estimate or obtain bounds on the generalization error of a learned function. However the
empirical error is not the only quantity that can be used to obtain such bounds; other quantities can also
be appropriate. One such quantity is the leave-one-out error, which is obtained by training an algorithm A
on m different subsamples S\',i = 1,...,m of the training sample S = ((z1,%1),. .., (Zm,¥m)), where S\!
denotes the sample obtained by removing the i-th example from S, then testing each learned function fq\:
on the left-out-example (x;,y;) and averaging the result:

ool A55] = — S 0y fi () (28)

=1
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where fg: = A(S\). Deletion stability of A can also be used to obtain bounds on the generalization error
erp[fs] of fs = A(S) similar to those above but in terms of the leave-one-out error erjo[A; S] rather than
the empirical error erg|fs]; see [1] for more details.

In certain cases, it is also helpful to consider weaker notions of stability, such as requiring the bounded
change in the learned function to hold not necessarily uniformly over all training samples and changes
(replacements/deletions), but only with high probability or in expectation over the samples/changes; this
leads to distribution-dependent forms of stability [1, 2].

6 Next Lecture

In the next lecture we will consider bounding the generalization error of functions learned from a hierarchy
of models (function classes) using model selection techniques.
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